It has been shown theoretically and demonstrated experimentally that shear horizontal ͑SH͒ surface waves can exist when the surface of an isotropic substrate is perturbed by a strong corrugation, for instance consisting of deep grooves etched in the substrate, whereas these waves cannot exist without this perturbation. It is shown in this article that a periodic array of metallic electrodes ͑wires͒ exhibiting large aspect ratios deposited over a piezoelectric substrate give rise to surface acoustic waves with general polarization. The admittance of an interdigitated transducer, which is a basic tool for predicting the waves parameters, is calculated by a combination of finite element analysis and a boundary integral method. This approach has been extended to obtain the polarization of the acoustic waves. For different piezoelectric substrates, we predict various surface acoustic modes and their polarization. Along with mostly SH modes, we also find modes mostly polarized in the sagittal plane. We discuss the frequency behavior of the surface modes as a function of the electrode height compared to the period.
I. INTRODUCTION
With the progress of techniques such as microlithography and electroplating, it is possible to create well defined micro-or nanostructures on an otherwise planar surface. These surface defects modify the physical properties of the crystal surface that in turn can serve as a tool for the characterization of the surface inhomogeneities. Several works have been devoted to the study of surface acoustic vibrations in presence of a single [1] [2] [3] [4] or periodic [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] array of resonating elements. In particular, the periodically corrugated surface of an isotropic substrate can support localized shear horizontal ͑SH͒ modes, in contrast to the case of a substrate with a flat surface which can only guide Rayleigh waves of sagittal polarization. The propagation of surface acoustic waves ͑SAW͒ across a grating or a periodic array of wires deposited on a substrate is of great current interest for several reasons: the system is a model for a randomly rough surface that can be studied exactly and the results obtained in this work help to interpret the observations for a randomly rough surface. In the system such as investigated here, there can be a conversion of SAW into bulk waves and the results of our calculations could well be useful in the design of filters for SAW and more generally of periodic transducers on piezoelectric materials.
In different works, the study was restricted to SH waves propagating at the periodically corrugated surface of an isotropic [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] or anisotropic 16 substrate. In this article, we have extended the problem and investigated SAW of a general polarization associated with the surface of a piezoelectric substrate supporting a periodic array of wires, e.g., electrodes of various aspects ratios, instead of shallow grooves or thin metal strips as usually studied. As described in Sec. II, we have used an efficient computational tool based on the combination of finite element analysis and a boundary integral method. 17 This approach allows one to calculate the admittance of an interdigitated transducer ͑IDT͒, which is a basic tool for predicting the waves parameters, and has been extended in this work to obtain the polarization of the electro-acoustic waves. The main feature in this respect lies in the calculation of surface waves with a coupled polarization in anisotropic media, namely piezoelectric substrates. In addition, the IDT response predicted in this work is a good tool for a comparison with experiments that are feasible using SAW technology. In Sec. III, we discuss the frequency behavior of the localized modes as a function of the electrode height compared to the period (h/2p) for different materials, i.e., Yϩ128 lithium niobate, Yϩ36 lithium tantalate, and Yϩ42.75 quartz with either X propagation or Z propagation. These particular cuts are among the most widespread in SAW technology. We also identify the polarization of these localized modes. As will be seen, we find modes of a transverse type, as can be expected, but also modes mostly polar-ized in the sagittal plane, and generally polarized modes. Conclusions are drawn in Sec. IV.
II. MODEL
The definitions of the axes and the considered geometry are given in Fig. 1 . The structure is composed of a semiinfinite piezoelectric substrate extending in the half-space x 2 Ͻ0, whose surface supports a periodic infinite metal strip grating. The grating electrodes are parallel to axis x 3 , centered at x 1 ϭnp, where n is the electrode index and p is the grating period. The width of the electrodes is denoted by a, so that a/p is the so-called metalization ratio. The electrodes are assumed to be long enough along x 3 such that any dependence in x 3 can be omitted in the following equations. All considered fields are supposed to exhibit a time dependence exp(jwt), where j is the imaginary constant and is the angular frequency.
A harmonic excitation is assumed to be applied to the infinite periodic grating, yielding the following form for the driving potential applied to the grating electrodes 18 -20 
where ␥ is the characteristic parameter of the harmonic excitation. The alternating potential ϩV and ϪV usually considered for a practical electrical excitation corresponds to ␥ ϭ1/2. For such a harmonic excitation, it has been shown that the currents of the electrodes have the same dependence as their voltages 17 and that the ratio I n (␥)/V n (␥) does not depend on the actual number n of the electrode. It is the socalled strip admittance which was first introduced by Blötek-jaër et al. 18, 19 and is also referred to as the harmonic admittance ͑HA͒. 20 It is simply defined as
The determination of the grating HA has been the main goal of many theoretical and numerical works; we use in this article, a method from Ventura et al. 17 The addressed problem is treated using an integral representation of the substrate surface assuming a semi-infinite medium, through a boundary integral method ͑BIM͒, connected through a discrete formulation to the diffracting elements in the structure, i.e., the electrodes, by finite element analysis ͑FEA͒. The BIM is based on the Green's function that relates the surface displacements to the surface stresses via a convolution operation. Note that the method of Ventura et al. 17 was originally termed for finite element method/boundary element method, but we prefer the more accurate FEA/BIM terminology. Considering the harmonic excitation of Eq. ͑1͒, only one period of the infinite grating has to be considered in the analysis and the convolution relation can be written
where G i j (p) is the periodic Green's function defined as
In Eq. ͑3͒, u i and t j2 are, respectively, the components of the generalized surface displacement and stress, and u 4 and t 42 are, respectively, the surface electrical potential and the surface charge density Q, i.e., the difference between the normal component of the electrical displacement in air and in the substrate. Ĝ i j is the Fourier transform of the surface Green's function, i.e., the spectral Green's function. Its expression for an arbitrary piezoelectric material can be found for instance in Ref. 20 . As proposed by several authors, 21, 22 a Chebyshev polynomial expansion of the electromechanical fields is inserted in Eq. ͑3͒ as
where the expansion is only applied at the interface ⌫ between the substrate and the electrode (͉x 1 ͉Ͻa/2) and x ϭ2x 1 /a. In Eqs. ͑5͒ and ͑6͒, the electrode is assumed to be symmetric and centered at the origin, extending along x 1 from Ϫa/2 to a/2, and T m represents the Chebychev polynomial of order m. ͕C f (m) ͖ is the vector of the Chebyshev expansion coefficients for the considered function f. In addition to Eq. ͑5͒, it is assumed that the stress t 2 and electrical charge Q are zero in between the electrodes. By inserting Eqs. ͑4͒ and ͑6͒ into Eq. ͑3͒, the following equation relating the Chebyshev expansion coefficients can be obtained for the electromechanical behavior of the substrate
Schematic of the geometry investigated in this work is shown.
It is generally accepted that an infinitely thin electrode can be assumed for the electrical behavior of the metal. This is because the dielectric permittivity is much larger in the substrate than it is in air or in a vacuum, causing charges to be mostly localized at the interface between the electrodes and the substrate. This assumption will be made here. However, it has been shown that the mechanical ͑acoustic͒ contribution of the strip must be taken into account 9 and is here modeled using FEA. The result of this analysis, projected onto the Chebyshev polynomial expansion, can be symbolically written as 17
where ͓KϪ 2 M ͔ ⌫ is the usual finite element factorization matrix, where the subscript ⌫ indicates that it is restricted to the electrode-substrate boundary. Matrix notation ͓͐ P k T m ͔ represents the conversion of the Chebychev's expansion to a FEA polynomial interpolation P. In this study, we use second degree Lagrange polynomials for FEA, but first degree polynomials can also be used without any loss of precision using moderately dense meshes ͑200 to 300 nodes͒. The mechanical contribution of the electrode can then be expressed in matrix form as
͑9͒
The electrical boundary condition under the electrode at the origin is that the potential is constant and equal to V 0 . From this condition the vector C (m) is easily determined. The mechanical contribution in Eq. ͑7͒ can be eliminated by inserting Eq. ͑9͒, and the resulting system solved for C Q (n) . The total electrical charge Q 0 under the electrode is computed by integration of the charge density. The result is
͑10͒
Though much work has been devoted to the computation of the HA including mass loading effects, the mechanical displacement under the electrodes is rarely computed and almost never exploited. However, this information is required to estimate the wave polarization. To this aim, the calculation of the expansion coefficients of mechanical displacements can be obtained by inserting Eq. ͑9͒ into Eq. ͑7͒, which gives access to a relation between the mechanical displacements and the electrical charge expansion coefficients
where the vector ͕C Q (n) ͖ has already been computed for the calculation of the HA. We propose to estimate the polarization of the elastic wave as the mean quadratic value of the mechanical displacements under the electrodes, through the definition
Using Eq. ͑6͒ and performing the resulting integrals, the following relation is obtained
where the scalar products of the Chebychev polynomials are gathered in matrix R mn whose expression is
We insist that the definition of Eq. ͑12͒ has some degree of arbitrariness. One could have chosen another definition instead, such as the mean value of the displacements in the whole period. However, both measures should give similar values.
III. RESULTS AND DISCUSSION
In this section, we discuss the existence of modes of general polarization propagating as ͑quasi͒ surface waves along the interface between a piezoelectric substrate and a metallic grating with arbitrary electrode height. In the examples discussed next, the piezoelectric substrate is either Yϩ128 lithium niobate (LiNbO 3 ), Yϩ36 lithium tantalate (LiTaO 3 ), or Yϩ42.75 quartz (SiO 2 ) with either X or Z propagation. The metal is taken to be aluminum, since it is widely used for SAW devices. The electrode shape is taken to be rectangular in all numerical simulations.
In the search for modes, we use the theoretical developments of the preceding section, and more particularly the HA and the displacements given by Eqs. ͑10͒ and ͑13͒, respectively, with an electrical excitation of the structure described by ␥ϭ1/2, i.e., with an alternating potential ϮV 0 . Following this approach, only piezoelectrically coupled modes can be identified. One should note that in the most general case, e.g., for triclinic materials or rotated crystal cut without any particular symmetry, the wave excitation caused by piezoelectricity gives rise to an elastic polarization in which the three components of the mechanical displacement contribute.
In the structure depicted in Fig. 1 , there are three independent parameters, i.e., the frequency f, the period p, and the electrode height h. However, using the period as a dimensioning parameter, it is sufficient to use the reduced parameters f p and h/2p. At resonance, the wavelength is imposed by the grating to be exactly 2p. Then f pϭv/2 is half the phase velocity at resonance, and h/2p is the ratio of the electrode height to the wavelength at resonance. Figure 2 shows the admittance and the average polarization as defined by Eqs. ͑10͒ and ͑13͒, respectively, as a function of f p for h/2pϭ1, for a Yϩ128 lithium niobate sub-strate. Exactly six poles can be observed, each corresponding to a valid piezoelastic mode of the corrugated surface. The frequency-period products for which these modes appear are listed in Table I . For each of these modes, there exists a frequency stop band, and it is easy to find the synchronism frequency ͑or resonance frequency͒ from the position of the pole, i.e., the position of the maximum in admittance. It is observed also that these maxima are coincident with the polarization maxima. It can be seen that the modes are not purely polarized along one of the axes x 1 , x 2 , and x 3 , but that they are each preferentially polarized either in the sagittal ͑vertical͒ plane (x 1 , and x 2 ) or along axis x 3 . In the following, we refer to VP or SH modes as vertically polarized modes or shear horizontal modes, respectively. The polarization of VP modes is then a combination of shear vertical ͑SV͒ and longitudinal displacements. In Fig. 2 , it can be seen that the first, third, and fifth modes are SH modes, while the second, fourth, and sixth modes are VP modes. As was stated in the introduction, for an isotropic substrate, only purely transverse or SH modes have been discussed. For a piezoelectric substrate such as Yϩ128 niobate, VP modes are found as well.
The numerical results of Fig. 2 give relevant information about the existence and the polarization of the modes of the corrugated surface. It is then natural to wonder about the evolution of these modes as a function of the electrode height. For each mode, we then start from a rather large value of h/2p, e.g., h/2pϭ1, and gradually decrease this parameter while following the synchronism frequency and the polarization of the mode, through a simple search for the maxima. In this way, we obtain the dispersion curves of Fig.  3 in the case of a Yϩ128 lithium niobate substrate. The same computations repeated for Yϩ36 lithium tantalate and Yϩ42.75 quartz with either X propagation or Z propagation lead to Figs. 4, 5, and 6, respectively. Many observations can be made regarding these dispersion curves. We will discuss extensively the dispersion curves for Yϩ128 lithium niobate in Fig. 3 , and then outline the differences observed with the other substrates.
The mode velocity is always found to decrease as the thickness increases, in accordance with the usual mass loading effect associated with the electrodes. For instance, the VP1 mode velocity is reduced for h/2pϭ0.5% to 56% of its value for an infinitely thin electrode, and to 32% for h/2p ϭ1. It is clearly seen that the velocity of SH modes is more affected by the electrode thickness than is the velocity of VP modes. As a consequence, the dispersion curves for SH and VP modes can cross, as is for instance seen for the SH1 and VP1 modes.
The dispersion curves are well defined and smooth, and have a lower cut-off frequency. Except for the VP1 mode, this cut-off frequency is clearly associated with a bulk wave in the substrate of a polarization similar to that of the surface mode, i.e., a SH mode originates for some thickness from a FIG. 2. Frequency dependent response of the corrugated surface of a Yϩ128 lithium niobate substrate, ͑a͒ normalized harmonic admittance, ͑b͒ average polarization along axis x 1 , ͑c͒ average polarization along axis x 2 , and ͑d͒ average polarization along axis x 3 are shown.
TABLE I. Frequency-period product at resonance and polarization type for each of the six piezo-elastic modes of Fig. 2 ͑Yϩ128 lithium SH bulk wave, and a VP mode originates for some thickness from a SV bulk wave, since the latter is slower than the longitudinal bulk wave. Because they are independent of the electrode height, the bulk wave velocities in the substrate appear as vertical lines, and define band limits. In the case of VP1, the cut-off frequency is connected to the Rayleigh wave velocity in the substrate. The VP1 mode is the usual Rayleigh SAW that exists even on the noncorrugated surface. It is in this case the only surface mode that exists for zero thickness of the electrodes. In the case of VP modes, the VP bulk wave velocity is not the bulk wave velocity for a zero phase angle ͑with a wave vector along x 1 ) as is the case for the SH bulk wave velocity, but the velocity of a surface skimming bulk wave ͑SSBW͒ having a zero group angle and a nonzero phase angle. The SH bulk wave is also a SSBW, i.e., it has both zero group angle and phase angle. It is interesting to note that the VP2 and VP3 modes are similar to leaky SAW for lower thicknesses until their dispersion curves reach the SH bulk wave velocity, and that after that point they become similar to true SAW. Since always slower than any radiated bulk wave, the VP1 mode is always a true SAW.
The dispersion curves for Yϩ36 lithium tantalate depicted in Fig. 4 are similar to that of Yϩ128 lithium niobate but for the following differences. First, two surface modes exist for zero thickness, SH1 and VP1, and are respectively the Rayleigh SAW and the well-known leaky SAW of Yϩ36 tantalate. Second, both SH and VP bulk waves are SSBW's. As in the case of Yϩ128 lithium niobate, the velocity of SH modes is more affected by the electrode thickness than is the velocity of VP modes, which again results in the crossing of the dispersion curves for SH and VP modes, as is for instance seen for the SH1 and VP1, and SH2 and VP2 modes, respectively.
The dispersion curves for Yϩ42.75 quartz with X propagation are depicted in Fig. 5 , and are rather different from the dispersion curves for Yϩ128 lithium niobate and Yϩ36 lithium tantalate, in the sense that no SH mostly modes are found, but only VP mostly modes. It should be noted however that the VP mostly modes include some polarization along axis x 3 , so that their actual polarization is general.
The dispersion curves for Yϩ42.75 quartz with Z propagation are depicted in Fig. 6 . In this case, only SH modes are observed. It is known 9, 14, 22 that for this cut and this propagation direction only pure shear waves can be excited by the piezoelectric effect. Indeed, an inspection of the average polarization computed using Eq. ͑12͒ reveals that it is strictly zero in the sagittal plane. This cut is the only one considered in this work for which we have found purely polarized modes.
IV. CONCLUSION
In this work, we have analyzed the behavior of SAW with general polarization propagating under a periodic array of metallic electrodes with a large aspect ratio, deposited over a piezoelectric substrate. To achieve this goal, we have modified an efficient computational tool based on the com- bination of FEA and a BIM. This method allows one to calculate the admittance of an IDT, which is a basic tool for predicting the waves parameters, and has been extended in this work to obtain the polarization of the electro-acoustic waves. We emphasize that no assumptions have been made regarding the polarization structure of the solutions, and that the electrical and acoustic boundary conditions are properly taken into account.
It had been observed previously that SH SAW exist when the surface of an isotropic substrate is perturbed by a strong corrugation. In the case of piezoelectric substrates, widely used for SAW generation, no general analysis has been given before to the best of our knowledge. We have considered in our simulations a number of standard cuts of piezoelectric substrates, including Yϩ128 lithium niobate, Yϩ36 lithium tantalate, and Yϩ42.75 quartz with either X or Z propagation. The number and dispersion of the surface waves are very dependent upon the height of the aluminum electrodes, while their polarization is very dependent on the substrate. As the electrode height is gradually increased, SH surface waves start to appear in a fashion very similar to the isotropic substrate case. However, at the same time, we observe the appearance of VP surface waves that are mostly polarized in the sagittal plane. Both SH and VP surface waves undergo a deceleration of the phase velocity as the electrode height increases. These general trends indicate that a strong interaction occurs between the vibrations of high aspect ratio electrodes and surface waves of arbitrary polarization that are piezoelectrically excited. In some sense, the observed SH surface modes are similar to Love modes of a layer deposited on a substrate, if the considered system of periodic electrodes separated by a vacuum is considered in a limiting sense as an effective homogeneous medium, with a mass density and elastic constants lower than that of bulk aluminum. 5 
